We present a model and semiparametric estimation procedures for analyzis of survival data with crosseffects (CE) of survival functions. Finite sample properties of the estimators are analyzed by simulation. A goodness-of-fit test for the proportional hazards model against the CE model is proposed. The well known data concerning effects of chemotherapy and radiotherapy on the survival times of gastric cancer patients is analyzed as an example.
INTRODUCTION
When analyzing survival data from clinical trials, cross-effects of survival functions are sometimes observed. A classical example is the well-known data set of the Gastrointestinal Tumor Study Group (1982) , concerning effects of chemotherapy and radiotherapy on the survival times of gastric cancer patients (Stablein and Koutrouvelis, 1985; Klein and Moeschberger, 1997) . Hsieh (2001) considered a model for analyzis of survival regression data with cross-effects of survival functions and used the over-identified estimating equation (OEE) approach and the method of sieves for parametric estimation of unknown parameters.
We give a cross-effect (CE) model different from the Hsieh model, which has the advantage that the ratio of hazard rates under different covariates at time zero is finite. We use efficient semiparametric estimation based on the likelihood. In Hsieh (2001) rough parametric estimation procedures are used for estimation of the baseline cumulative hazard, approximating it by a piecewise-constant function with several jumps as unknown parameters. We propose a natural generalization of the Nelson-Aalen estimator of this baseline function to the case of regression data with cross-effects of survival functions. Finite sample properties of the regression parameter estimators under non-random and random covariates with and without censoring it are analyzed by simulation. Consistence and n −1 rate of convergence to zero of the variances of estimators is confirmed by simulation results. We also propose a goodness-of-fit test for the proportional hazards model of Cox (1972) against the CE model.
We analyze the radio-chemo data of Stablein and Koutrouvelis (1985) , studied also by Kleinbaum (1996) and Klein and Moeschberger (1997) . These data concern the survival of 90 patients in two groups, one group receiving chemo-therapy and the other chemo-and radio-therapy. This example is also analyzed in Hsieh (2001) , Kleinbaum (1996) and Klein and Moeschberger (1997) . By plotting the two Kaplan-Meier (KM) estimators of survival functions pertaining to both treatment groups, a crossingeffect phenomenon is clearly manifest. Figure 1 shows KM estimators and OEE smoothed estimators of survival functions (Hsieh, 2001) of the two groups. The resulting inference is that radiotherapy would first be detrimental to a patient's survival but becomes beneficial later on.
We should stress that our purpose is not only analyzis of data with dichotomous covariates, as in the case of the radio-chemo data. Data with continuous or poly-tomous covariates can also be analyzed with our methods. To show that our estimation procedure works well for finite samples in the case of continuous covariates we give the results of a small simulation study.
Our analyzis of two groups' radio-chemo data shows that KM estimates of survival functions and estimates of the same functions obtained using the CE regression model and our method of estimation agree very closely. In particular, the fit to our model is much better than the fit to the Hsieh model. The generalized proportional hazards (GPH, Bagdonavičius and Nikulin, 1999) 
(2.1) This model implies that for different explanatory variables x 1 and x 2 the ratio of hazard rates at any moment t is a function of the values x 1 (t) and x 2 (t) and the probabilities of survival up to t. The well known proportional hazards (PH) or Cox model (Cox, 1972 ) is a particular case of the GPH model when the function ψ does not depend on S x (t).
In terms of the cumulative hazard the model (2.1) can be written in the form
Various forms of the function u(·, ·) give submodels which can include effects when the ratio of hazards rates increases, decreases or shows cross-effects (see Bagdonavičius and Nikulin, 2002) . We consider here the so-called CE model
proposed by Bagdonavičius and Nikulin (2002) , where β and γ are m-dimensional unknown parameters and 0 is an unknown baseline cumulative hazard. If x(t) ≡ x is constant in time then resolving the differential equation (2.3) with respect to x and differentiating, the CE model can be written in the explicit form
Then under the CE model and for any constant covariates x, y ∈ E 0 the survival functions S x and S y intersect once in the interval (0, ∞).
The proof is given in the supplementary material which can be found at www.biosta\-tistics. oupjournals.org.
The CE model resembles (in form but not in content) the extension of the positive stable frailty model (Hougaard, 1986) given by Aalen (1992) . Indeed, the Hougaard-Aalen (HA) model with cross-effects of hazard rates (Aalen, 1994) for constant covariates x has one of two following forms:
If we take the minus sign then for any constant covariates x 1 and x 2 the hazard rates λ x 1 (t) and λ x 2 (t) cross once. An unpleasant property of this model is that the survival distributions have finite supports which are different for different values of covariates. Estimation procedures are always complicated in such cases. If we take the plus sign then the hazard rates cross for values α > 1. In such a case the supports are [0, ∞).
The HA also resembles the CE model in the sense that if we replace the constant α by the function 1 − e −γ T x , the function ηr (x) by e β T x and ±r (x)α −1 δη by e (β+γ ) T x in the HA model with cross-effects at Pennsylvania State University on February 28, 2013 http://biostatistics.oxfordjournals.org/ Downloaded from then we obtain the CE model with constant covariates (2.4). Note that in the CE model (2.4) the power e −γ T x − 1 can take either sign and the supports of the survival distributions are [0, ∞) for all values of the covariates.
Another difference between the HA and the CE models is that the HA model includes cross-effects of the hazard rates but does not include cross-effects of the survival functions. In the case of the HA model with covariates, the power α is constant and the survival functions S x 1 (t) and S x 2 (t) do not cross. For α = 1 and r (x 2 ) > r (x 1 ),
Suppose that the model (2.2) holds on a set E 0 of constant explanatory variables. Solving (2.2) with respect to x (t) we obtain that for any x ∈ E 0 the cumulative hazard has the form
( 2.5) Hsieh (2001) considered the following model with cross-effects:
which is a generalization of the PH model taking a power function
, and the PH model emerges when γ = 0. Note that in the case of the Hsieh model (2.6) the ratios of the hazard rates and even the ratios of the cumulative hazards go to ∞ (or 0) as t → 0. In the case of the CE model these ratios are defined and finite at t = 0. This property of the CE model is more natural and helps avoid complications when seeking efficient estimators.
SEMIPARAMETRIC ESTIMATION
We shall consider the GPH model with time dependent covariates in the general form
(3.1) with a specified parametrization g(x, s, θ) of the function g via parameters θ and an unknown baseline function λ 0 (t). Suppose that n patients are observed. The ith of them is observed under the explanatory variable x i . Denote by T i and C i the failure and censoring times for the ith patient and set
The partial likelihood function (Andersen et al., 1993) , 
The score function depends on unknown function 0 , so it is replaced in (9) by its estimator˜ 0 (depending on θ ) which is defined recurrently from the equatioñ
We note that this estimator is obtained using the martingale property of the difference N i − Y i d x (i) . The modified score function is theñ
(3.5) and the estimatorsθ andˆ 0 of θ and 0 , respectively, satisfy the system of equations
(3.6) Given the consistency of˜ 0 , the asymptotic covariance matrix of √ n(θ − θ) is obtained by standard methods using the functional delta method and the central limit theorem for martingales. For consistency proofs of estimators, given by the equations of the type (3.5), see Ceci and Mazliak (2002) .
Under our model the estimatorˆ 0 of the baseline cumulative hazard 0 generalizes the Nelson-Aalen estimator, just as in the case of the PH model the Breslow estimator (Andersen et al., 1993) generalizes the Nelson-Aalen estimator.
Note that in the case of the PH model, i.e. when g(x, s, θ) = e θ T x , the solution of (3.6) is (θ,ˆ 0 ), whereθ is the semiparametrically efficient estimator of the regression parameters θ andˆ 0 is the Breslow estimator of 0 . This suggests that in the case of the CE model, i.e. when g(x, s, θ) = e β T x 1 + e (β+γ ) T x s e −γ T x−1 , the estimatorθ will also be semiparametrically efficient.
Investigation of semiparametric efficiency is not within the scope of this paper. We give only some suggestions. An estimator is semiparametrically efficient if there exists a sequence of parametric models such that the limit covariance matrix of semiparametric estimators coincides with the limit Fisher information matrix of the sequence of parametric estimators, corresponding to this sequence of parametric models. This should hold in our case because the parametric score functions obtained by the method of the maximum likelihood and the semiparametric score function (3.5) are asymptotically equivalent: the parametric score function for the model (3.1) is
( 3.7) If the function 0 is replaced in (3.7) by˜ 0 satisfying (3.4) then the modified score function (3.5) is obtained.
The estimator of the survival function under any value x of the explanatory variable iŝ
Hsieh (2001) approximated 0 by a piecewise-constant function with jumps as unknown parameters (so defining a parametric model). A unified approach of estimation for different models with continuously varying covariates is given in Bagdonavičius and Nikulin (2004) 
GOODNESS-OF-FIT FOR THE PH MODEL AGAINST THE CE MODEL
We consider a test for checking the adequacy of the PH model versus model (2.3):
If the baseline cumulative hazard function 0 is completely known then the model (2.3) is parametric and the maximum likelihood estimator for θ satisfies the system of equations
If 0 is unknown, then the partial derivative 0, (j = 1, . . . , m) and + 1, . . . , 2m) , (4.1)
whereM i (t) are the martingale residuals corresponding to the PH model,
The test is based on the statisticsÛ
To construct a chi-squared type test (Greenwood and Nikulin, 1996) , we need the asymptotic distribution ofÛ under the PH model, which is given by the following result.
THEOREM 1 Under Assumptions A given in the supplementary material
whereD is a consistent estimator of the limit covariance matrix of the random vector n −1/2Û .
The proof and the expression ofD are given in the supplementary material which can be found at www.biostatistics.oupjournals.org.
ITERATIVE PROCEDURE FOR COMPUTING THE ESTIMATOR
To calculate the estimateθ we do not need the score equation (3.5). We use Splus program and the general quasi-Newton optimization algorithm seeking the value of θ which maximizes the modified partial likelihood (MPL) functioñ
For fixed θ the estimator˜ 0 can be found as follows. Let T * 1 < · · · < T * r be observed and ordered distinct failure times, r n. Note by d i the number of failures at the moment T i . Theñ 
In the case of the CE model (i) . The iterative procedure is very simple. We use the initial value θ 0 = (β 0 , γ 0 ), where β 0 is an estimator of β using the PH model, and γ 0 = 1. Then the estimator˜ (t, θ 0 ) given by recurrence formula (5.2) and the initial estimator θ 0 is inserted into the MPL function (5.1), which we maximize to give θ 1 . The value θ 1 is then used to obtain˜ (t, θ 1 ), and so on.
PROPERTIES OF ESTIMATORS: A SIMULATION STUDY
We did a simulation study for scalar explanatory variables of the following two types: (a) dichotomous (two groups of equal size with x (i) = 0 and x (i) = 1); (b) uniformly distributed random variables (x (i) ∼ U (0, 1) ). We specified a baseline cumulative hazard function 0 (t) = t and values (1, 1) and (1, 2) for the parameter θ = (β, γ ). The simulation consisted of 1000 replications. The simulated means and variances (in parentheses) ofβ andγ are given in the tables. We considered the cases of non-censored samples and independently censored samples with censoring proportion p = 0.2.
The simulation results show that in all cases the estimators are consistent and their variances decrease with the rate n −1 when n is large. The asymptotic standard errors are smaller in the case of dichotomous covariates.
ANALYSIS OF RADIO-CHEMOTHERAPY DATA
In this section we give an analyzis of the two-sample data of Stablein and Koutrouvelis (1985) concerning the effects of chemotherapy and chemotherapy plus radiotherapy on the survival times of gastric cancer patients. This example is also analyzed in Hsieh (2001) , Kleinbaum (1996) and Klein and Moeschberger (1997) . The number of patients is 90. KM estimators of survival functions pertaining to both treatment groups (Figure 1) clearly show a crossing-effect phenomenon. The two estimated curves indicate that radiotherapy would initially be detrimental to a patient's survival but becomes beneficial later on.
To confirm this we first test the adequacy of the PH model versus the CE model. The test statistic takes the value Y 2 n = 13.131 whereas the critical value of χ 2 1 is 5.0239 for a significance level α = 0.025. So the proportional hazards hypothesis is rejected. Note that in Klein and Moeschberger (1997) the null hypothesis of no difference in survival function between the two groups is not rejected, since they used a weak test. See also the discussion in Kleinbaum (1996) .
We then applied the CE model to estimate the influence of covariates on the survival. The modified partial likelihood estimator of θ = (β, γ ) is (1.894, 1.384). We used coding 0 for chemo-therapy and 1 The graphs of the KM estimators and our estimators of the survival functions are presented in Figure  2 . The estimators obtained from all of the data using the regression model (2.4) and our estimation method give exellent fits to the KM estimators obtained from the two subsamples.
Our estimation procedures should be especially useful for the analyzis with continuously varying covariables, for which the KM estimators are not applicable.
